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WY I LEY T -BOOKS- 

COMING IN MAY-a new elementary mathematics text, designed for both 
terminal and continuing students. 

A MODERN INTRODUCTION TO 
COLLEGE MATHEMATICS 

By ISRAEL H. ROSE 
University of Massachusetts 

A clear, modern, and logi- 
cally sound treatment of elemen- 
tary mathematics, this text 
makes possible a common first 
semester for both liberal arts 
students and those students who 
intend to pursue the study of 
mathematics formorethan ayear. 
After the first semester, the book 
offersdifferentsecond semesters 
for these two groups. Neglect- 
ing neither rigor nor intuition, 
the author offers a careful treat- 
ment of s uch modern founda- 
tional concepts as sets, func- 
tions, operations, and relations. 
He then uses these to clarify 
and unify the development of 
a n a l y t i c geometry and trigo- 
nometry. Through the use of 
sufficient discussion and 
illustrative examples, Rose 
makes these concepts acces- 
sible to the average freshman 
in mathematics. 

The text contains, in ad- 
dition to its treatment of found- 
ations, most of the subject 
matter of classical courses in 
analytical geometry and trigo- 

nometry, as well as a brief in- 
troduction to the calculus for 
liberal arts students, and a chap- 
ter on statistics and probability 
-all approached in a modern 
fashion. NMathematics is given 
structure and unity by being pre- 
served as dealing typically with 
certain foundational concepts and 
certain assumptions about these 
concepts, and as accepting fi- 
nally only statements derived 
from these assumptions by the 
rules of deductive logic. 

The connection between 
mathematics and the physical 
world is emphasized and is pre- 
sented as one in which the phys- 
ical world suggests many of the 
assumptions of mathematics, as 
well as many of its foundational 
concepts, while mathematics de- 
rives results applicable to the 
physical world. Professor Rose 
also gives the student some in- 
teresting digressions on histor- 
ical background, treating this 
material in a fresh and inviting 
manner. 

Ready May 1959 Approx. 510 pages Illus. Prob. $6.50 

Send for examination copy. 

JOHN WILEY & SONS, Inc. 
440 Fourth Avenue 210 New York 16, N. Y. 
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W I L E Y -BOOKS- 

AVAILABLE NOW -stimulating and modern instruction in mathematics 
for the better prepared student. 

INTRODUCTORY COLLEGE MATHEMATICS 
By THOAMAS L. IVADE 
Florida State University 

Designed for better prepared 
freshmen (those who are quali- 
fied in high school algebra and 
plane trigonometry), this text 
has as its central purpose prep- 
aration for the study of a thor- 
ough course in calculus. The 
majority of the book is devoted 
to those plane analytic geometry 
topics which are needed in cal- 
culus. A considerable portion 
of this study is b a s e d upon 
graphs of relations as sets of 
ordered pairs, in contrast to the 
conventional treatment based 
upon graphs of equations. 

The book begins with a stim- 
ulating and refreshing discus- 
sion of deductive reasoning 
which makes the use of algebra 
and geometry familiar to the stu- 
dent. Here the author maintains 
a level of rigor and abstraction 
which is challenging but accept- 
able to the student. There is a 
discussion of the meaning of a 
theorem and of the converse 

of a theorem. Logical ideas are 
introduced as needed. The rudi- 
ments of the theory of sets and 
of relations are studied in the 
first chapter. This basic set 
theory is used in the presenta- 
tion of plane analytic geometry. 

The rational number sys- 
tem and the real number system 
are studied with considerable 
more care and detail than is usu- 
ally done in texts for college 
freshmen. The text offers a con- 
sideration of the concept of a 
function as a particular kind of 
relation, that is, as a set of or- 
dered pairs, no two of which 
have the same first components. 
The notation Ex(x) for the cor- 
respondent of x under the func- 
tion of F, and the limit of F(W), 
are carefully explained. The 
book concludes with the dif- 
ferential c a l c u l u s of poly- 
nomials. 

1959 000 pages tlhus. $0.00 

Send for examination copy. 

JOHN WILEY & SONS, Inc. 

440 Fourth Avenue New York 16, N. Y. 
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ON CONDITIONAL FRACTIONAL EQUATIONS IN A 

FIELD, INVOLVING ONE UNKNOWN 

H. S. Vandiver* 

Usually in textbooks in high school and college algebras when con- 
ditional fractional equations in one unknown are introduced for solution, 
it is pointed out by the author of such a text that after "clearing of frac- 
tions" and solving the resulting integral equations we may find a possible 
value for the unknown which does not satisfy the original equation. Since 
in solving any conditional equation we must assume at the beginning that 
a quantity x exists which satisfies the equation in some set of quantities, 
say a field, then we have not proved that our equation has any solutions 
in such a field until we check the possible values found, by substitution 
in the original equation. That being the case, we need not worry too much 
about finding that some values do not satisfy, since any such values may 
be discarded. This will not be too long a process for the fractional equa- 
tions considered, say, in high schools and colleges; however, we may 
have problems of this character which lead finally to equations of higher 
degree than the second. In such cases it is of value to consider a process 
of obtaining throughout our work only conditional equations which have 
the same roots in our field as the one with which we started,1 or, in other 
words equations equivalent to the original, as to our field. Otherwise we 
may have to consider, finally, equations of higher degree than necessary. 
I have not noticed so far any high school or college text on algebra,which 
solves this problem. Perhaps the absence of such a solution is not sur- 
prising since the proof of Theorem I of our present paper requires the use 
of a theorem involving polynomials, which is not usually found in elemen- 
tary books, even in the special case when the field involved is the ration- 
al one. The question is so elementary that it would be surprising if some 
one has not disposed of it before this. However, since it is certainly not 
well-known material, the present article can be considered as expository, 
if not new. 

We shall here prove a rather general theorem, but we begin the dis- 
cussion by considering a special case. Suppose we inquire as to the pos- 
sible values of x in the complex field, which satisfy the equation 

4x x+1 
_. M 1. (1) 

x -1 X-1- 
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We assume there is such an x, and write 

4x x+1 
FQ) = ----1 

x2-1 X-1 

or 

(x 2-1 ) F (x) = -:2(X 2_X). 

Now F(x) cannot be zero for x2-1=O or x =+1, as is seen whenwe subs- 
titute either of these values in (1), so (x+i) F (x) _ - 2x. Hence the only 
value of x which makes F(W) = 0 is zero, since x+1 7 0. Hence zero is 
the only possible solution of (1). That it is a solution is verified by subs- 
titution in (1). 

In the material that follows we shall use some well-known terms and 
results2 concerning polynomials with coefficients in a field, and in addi- 
tion, the term "least common multiple" (1. C. M.) of a number of polyno- 
mials with coefficients in a field. It is the monic polynomial of least de- 
gree which is divisible by each of said polynomials, a monic polynomial 
being one whose leading coefficient is unity. 

We shall now consider the general problem. Let Ni(x) for i = 1, 2, ..., 

k; fi(x) for i = 1, 2,.*, k be polynomials in an indeterminate x with coef- 
ficients belonging to some field F, or in other words, elements of F[xl. 

N 1(x) N 2(x) Nk(x) 
f (x) f /2(X) 

+ /(X)' 2 

and we then examine the values for whichF (x) = 0 in F of x. 
Let M (x) be the L. C. M. of fi(x); i = 1, 2, 9...,. Let a factorization 

into irreducible factors of Al (x) in F [xM be 

M(X) =- I 1(X) 9 2(X) * . 91 (x 

where the g's are monic. This factorization is unique aside from the order 
of the factors and units as factors. We then note that each of the g's must 

divide at least one of the fi's for i = 1, 2, *-;,k.I Hence if g,,(x) is zero for 

some value of x, say x', and for some a in the set 1, 2, ..., r, then /b(f') is 
zero for some b in the set 1, 2 ..., k, but if we consider values of x which 
satisfy (2), when equated to zero, then x'can not satisty this equation 
since when we substitute x' in F (x) = 0 we obtain at least one zero de- 
nominator. If we collect the fractions in (2) we obtain 

F (x) =-) (3) I? (x) 
wI(x) 

where Ji (x) is inF F[xl. Denote the G. C. D of Il and Al in F[xil by D (x). 
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Then write 

R(x) = D (x) T (x). 

Then for each x in F, 

M (x) F (x) = D (x) T Q). (4) 

If the equation formed by (2) equated to zero is satisfied by x = x 1' X1 E F, 
then since D (x) divides Al (x), and since every irreducible factor of M (x) 
divides some fi, then D (x I) 7 0. Substituting x = x I in (4) we have 

D (x = 0, 

and therefore 

T (x 09 O (5) 

which means that any root of F (x) = 0 will satisfy T (x) = 0. Also, let us 
assume T(x2) = 0 for some x2 in F, and we wish to show that F(x2) = 0. 
From (4) we obtain 

M (x2) F(x 2) = 0 

and since M(I2) x 0, then 

F (x 2) = (6) 

The relations (5) and (6) show that F (x) = 0 and T (x) = 0 are equivalent 
equations as to F, and this proves the following theorem: 

Theorem 1. Let F(x) be definedas in (2) and (3) and let R(B) = 

D (x) T(x) where D(x) is the G.C.D. of R(x) and Al (x) in F[xl. Then 
T (x) = 0 and F (x) = 0 are equivalent equations, as to F. 

We now consider two special cases. If all the coefficients of T(x) 
are zero except the last say C, an element of F, and if x W 0, then ob- 
viously (2) has no solution. On the other hand, if x = 0, then F(x) = 0 is 
satisfied for all values of x except those for which Al (x) = 0. 

Referring again to Theorem 1, we may note that in some particular 
fractional equations the process of finding the least common denominator 
of the various denominators given in the equation may be quite long. It 
will then be more convenient to select in place of our Al(x) a polynomial 
which is a multiple of M(Z) butcontains onlyirreducible factors contained 
in M(Z), and in particular the case where M(Z) is the product of all the 
f's. If we do this, we will find that the work will be longer in finding a 
value of D (x), but this process is direct and does not involve the neces- 
sity of factoring all the f's. We may prove a theorem analogous to (1) for 
this new M(x), the steps in the proof being quite analogous to that of 
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Theorem 1. 

FOOTNOTES 

*The author's work on this paper was done under Basic Research Grant 3697, 
which was awarded to him by the National Science Foundation. 

1. E. J. Wilczynski, College Algebra (edited by H. E. Slaught), Allyn and Bacon, 
New York, 1944, pp. 241-244. The author discusses at length the equivalence 
of fractional rational equations but gives no method for completely avoiding 
the introduction of values of the unknown quantity, in the process of solution, 
which do not satisfy the original equation. 

2. They will be found in the text by A. A. Albert, Fundamental Concepts of High- 
er Algebra, The University of Chicago Press, Chicago 1956, pp. 48-49. 

The University of Texas 
Austin, Texas 
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 NUMERICAL ANALYSIS AND THE DIRICHLET PROBLEM

 Donald Greenspan

 1. Introduction. One of the most exciting mathematical problems,

 which has such diverse origins as electric field theory, fluid dynamics,

 heat conduction and elasticity, is the Dirichlet problem. We state it in the

 following form. If G is a closed, bounded, simply connected plane region

 whose interior is denoted by R and whose boundary curve is denoted by

 S, and if g(x, y) is continuous on S, then one must find a function u(x, y),

 continuous on G, which satisfies

 02u U2u
 (1.1) 2+?--u ?zuyy -o onlR;

 oX 2 xx ~yy

 and

 (1.2) u(x, y) = g(x, y), on S.

 The fact that the Dirichlet problem has, under quite general conditions, a

 unique solution can be demonstrated by a variety of means, including fi-

 nite differences [10], Dirichlet's principle [31], integral equations [35],

 subharnionic and superharmonic functions [47], and conformal mapping
 (Riemann).

 The analytical determinationof u(x, y), however, is a far more diffi-

 cult problem than that of establishing its existence. If G is rectangular,

 then u(x, y) can be given precisely by Fourier series [30], while if G is
 circular, then u(x, y) can be given in terms of the Poisson integral [47].

 Also, any problem for which an explicit conformal map can be constructed

 which takes G onto a rectangle, or a circle, can be solved. Beyond these

 cases, the problems involved in producing the analytical solution u(x, y)

 are overwhelming.

 Hence, it is with some amount of delight that one can view the pro-
 gress towards resolving the general Dirichlet problem which has tran-

 spired during the last ten years. The tremendous advances in the field of

 high speed computation have opened a new avenue of approach and we
 proceed now to discuss one of the most popular numerical methods now in

 use.

 2. Numerical Alethod. Let h be a fixed, positive constant and let

 (F,T) be an arbitrary, but fixed, point of G. Denote by Gh the set of all
 points of the form (F+mh, y-+nh) contained in C, where m and n vary over
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 all the integers. Two points (x 1 y1) and (x2, Y2) of Gh are called adjacent
 if and only if

 (a) the straight line segment joining them is contained entirely in G, and

 (b) (x2-x1)2+(y2-y1)2 = h2.
 The interior of Gh' denoted by Rh, is the set of all points of Gh which

 have four adjacent points in Gh. The boundary of Gh' denoted by Sh, and

 2 3 2 (xi, Y+)

 8 9 10 11 12 13 14 151

 17 18 19 20 21 22 23 _

 4 25 26 27 28 29 3 0 31 3 3 0 1

 33 34 35 36 37 38

 41 42 43 < ' _44 4 - ' (ziyi-h)

 Diagram 1 Diagram 2

 called the lattice boundary, is defined by Gh = RhUSh, Rh,nSh = 0. As an
 example of these concepts, consider Diagram 1. The points of Gh are

 there numbered 1-45. The points of Rh are numbered 4, 9414, 17-22, 25-31,
 34-38, while the points of Sh are numbered 1-3, 5-8, 15, 16, 23, 24, 32,
 33, 39-45. If the points of S are circled, as in the diagram, it is readily

 apparent why Sh is called the lattice boundary.

 In general, if Gh consists of n points, one numbers these in a one-to-
 one fashion with the integers 1, 2, 3, ..., n. Let the coordinates of the point

 numbered k be denoted by (xk, Yk) and the unknown function u at (xk9 Yk)

 by u(xk, Yk) Uk.

 Now, let (xi, yi) be an arbitrary point of Sh. Approximate ui by g(x',. y'),

 where (xy') is the nearest point of S to (xi, Yi). If (', y') is not unique,
 then choose any one of the set of nearest points and use it. The problem

 of finding numerical approximations to u(x, y) on S h is, though crudely
 done, adequate for present purposes.

 It is then required that at each point (xi, yi) of Rh, that u satisfy

 (2.1) -4u(i, yi)+u(xi+= 0yi)+u(.i,yi+h)+u(xi-h,yi)+u(xi,yi-h)= ?

 In terms of the subscript notation, if (xi,yi), (xi+h,yi), (xi,yi+h), (zi-h,yi),

 and (xi,yi-h) are labelled 0, 1, 2, 3, 4, respectively, as in Diagram 2, then
 (2.1) can be rewritten as

 (2.2) -4u0 +U1+U2+U8+U4 = 0

This content downloaded from 144.82.108.120 on Fri, 17 Jun 2016 02:32:15 UTC
All use subject to http://about.jstor.org/terms



 1959) THE DIRICHLET PROBLEM 179

 Application of (2.1) to each point of Rh yields then a system of linear

 algebraic equations. If Rh consists of K points, then a system of K linsar
 algebraic equations in K unknowns results. That this is so is readily ap-

 parent by considering the application of (2.1) at the points numbered 9

 and 18 in Diagram 1, for there then results

 (2.3) -4u U +u1 +U2u8 +U 07=0?

 (2.4) _1u18 +u19 + u1 U + U17+u 270

 In (2.3), the values of u2 and u8 are known constants, by the method pre-

 scribed for points of Sh, while u9, u10, and u 17 are unknowns. In (2.4),

 u10, u17, u18, u19 and u27 are all unknowns.
 The solution of this linear, algebraic system constitutes the numeri-

 cal solution on Rh. Before showing that this algebraic system has a unique

 solution, we make some remarks about the numerical method. Note that

 the continuous data G, S, and I are replaced by the discrete data Gh.,
 Sh, and Rh, respectively, and the differential equation (1.1) is replaced

 by the difference equation (2.1). The numerical solution is defined only

 at the points of Gh and is therefore called a discrete, harmonic function

 [27].
 Finally note that equation (2.1) may be rigorously derived in a variety

 of ways [251, [42]. However, it is a satisfactory difference analogue of

 (1.1) even from a heuristic point of view since solving (2.1) for u(xi, yi)

 shows that it is the mean value of u(xi+h, y), u(xi, yi+h), u(xi-h, Yi),
 u(xi, yi-h), and it is well known that a necessary and sufficient condi-
 tion for a function to be harmonic is that it satisfy the mean value prin-

 ciple [31].

 3. Uniqueness of the Solution of the Linear Algebraic System. In

 this section, one must begin to differentiate between the analytical and

 the numerical solutions. Let u(x, y) be the analytical solution of the

 Dirichlet problem described in Section 1 and let U(x, y) be the numerical

 solution of the method described in Section 2. This implies that at any

 point (xi, yi) of Rh, one must have, from (2.1), that

 (3.1) -4U(xi,yi) + U(x?+h,y?) + U(xie,yi+h) + U(xe-h,yi) + U(xi,,yi-h) = 0.

 Theorem 1. The linearalgebraic system described in the numerical method

 of Section 2 possesses a unique solution.
 Proof. It is sufficient to show that the determinant of the linear system

 is not zero. This will be done by demonstrating that the only solution of

 the homogeneous system which results by considering g(x, y) 0 O on S is
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 the zero vector. Suppose then there exists a non-trivial solution for the

 homogeneous system. For some point of I? then U 4 0. Suppose U > O.

 (A similar proof follows for U < 0.) Let the largest value Al of U occur at

 (Xo, yO). If the points (xo+h, yO), (xo, yo+h), (xo-h, yo), (xO, yo-h) are num-
 bered 1, 2, 3, 4, respectively, then

 (3.2) O0 = _[Ul+U2+U3+U4]

 and

 (3.3) 41 = UO > Ui, 1, 29 39 4.

 If U = U2 -U3 = U4, then, from (3.2) and (3.3), U0 = UI = U2 U3 =
 U4 = Al. If all of U 1' U2, U3, U4 are not equal, then one is a maximum.

 Without loss of generality, assume that U4 is that maximum. Hence

 (3.4) U1 = U 4 - cj, j= 1,2,3
 where C , C2, c3 are non-negative and at least one is positive. Substitu-

 tion of (3.4) into (3.2) yields

 c I+ 2+ 3 u0 =4 C1C 4

 from which it follows that U4 > U0, which contradicts (3.3). Hence, UO

 u1 = u2= u3 = 4 =.
 Repeating this argument now at the point numbered 1, and continuing

 in an inductive fashion, it takes only a finite number of steps to show

 that Ud = M, wltere d is a number assigned to some point of Sh. Hence

 Ud = M > 0. However, since g(x, y) 0 on S, it follows that U = 0 at every

 point of Sh. Hence Ud = 0, which is a contradiction, and the theorem
 follows.

 Some remarks are now in order germane to the actual calculation of

 the solution vector of the linear system. The solution can, of course, be
 given explicitly by Cramer's rule in terms of determinants. If the number

 of equations is 'large", say, over three hundred, then the determinants

 involved are somewhat unwieldy, but one can attempt to evaluate these by
 means of high speed computation. Other methods, also readily adaptable

 to today's computational machinery, which can be utilized in attempting
 to solve the linear system are relaxation [59], over-relaxation [70], matrix
 inversion [22], gradients, and conjugate gradients [28]. The basic reason
 for havingmore than one method available is that there is an accumulation

 of truncation and roundoff error, inherent in all extensive manipulation on
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 computers, which may or may not destroy the accuracy of the final results.
 It appears, from experimentation, that while one method may yield highly

 inaccurate results for a specific problem, another method may behave

 almost ideally. The process of accumulation of error is however not well

 understood at the present time and much research effort is being expended

 in this direction.

 4. Convergence. The question of convergence of the numerical solu-

 tion to the analytical solution as the mesh midth h converges to zero may

 be treated in the following fashion.

 Define the linear operator L by

 (4. 1) L [w(x, y)] 1-4w(x,y)+w(x+h,y)+w(x,y+h)+w(x-h,y)+w(x, y-h) I.

 The following lemmas then result [23].

 Lemna 1. If L[v] < O on Rh and v > O on Sh then v > O on Rh.

 Lemma 2. If L[v2] < -IL[v1]l on Rh and Iv1 ? v2 on Sh, then I v 2
 on Rh.

 Lemma. 3. If IL[v]l I A on R., lvl < B on Sh, and r is the radius of any
 circle whi ch contains G, then on Rh |vI ? B+ (Ar2/4).

 With the aid of these lemmas, the following theorem can be proved [23].

 Theorem 2. If u(x, y) is of class C4 in C, u(x, y) is the analytical solution

 of the Dirichlet problem, U(x, y) is the numerical solution described in

 Section 2, then on Rh

 (4.2) U(x, y) - u(x, ) -M 4r2h2 + 2hM 1 ,
 24

 where:

 k a~~~ku
 /ik = max { max E G u max cC 1 k(x,Iy) 7 (,Y) Iy

 r = radius of any circle containing G,

 h = mesh width.

 The convergence of the, numerical to the analytical solution is final-

 ly established by

 The orem 3. Under the conditions of Theorem 2, U -* u as h -* 0. (The proof

 for points of Rh follows directly from inequality (4.2), while the proof for

 points of Sh follows readily from the numerical method prescribed at these
 points [23].)

 A detailed analysis of (4.2) shows that the term 24M r 2h2 is the re- 42 4

 sult of approximating (i.i) by (2.1), while the term 2M 1h is the result of
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 the depraved method for approximating U on Sh. With this in mind, Collatz
 [81 showed that the term 2M h could be replaced by a term of the type

 0(h2) if one were to use a linear interpolation scheme at the points of Sh

 rather than the ultra-simple method described in Section 2.

 Finally, it should be noted that (4.2) is a "weak" error bound in the

 sense that it aids in the establishment of Theorem 3, but has no other

 practical value. Of great significance would be a rule which would enable

 one to determine h so that for (4.2) one could make

 I U(X, y) - U(as, Y) I < c

 where e is an arbitrary, but fixed, tolerance. The presence of the terms

 M1 and M41 however, precludes the use of (4.2) for this purpose, since Ml
 and Al4 are functions of u(x, y), and u(x, y) is unknown. Because this is

 the case, the analyst knows only from (4.2) that, neglecting the ominous
 presence of accumulation of error, the smaller one selects h, the better

 are the numerical results. This state of affairs has led to experimentation

 at centers of numerical analysis research in coding and resolving systems

 of the order of 1500 linear algebraic equations in 1500 unknowns. Much
 promise, however, for establishing computable error bounds arises from
 the recent work of Golomb and Weinberger [711.

 5. Generalizations. The numerical method, the theorem on the unique-
 ness of the numerical solution, and the theorem on the convergence of the
 numerical to the analytical solution can, with suitable modifications, be
 extended in a variety of directions. Numerical methods have been devised
 which use triangular or rectangular grids [411. Grids of these types are

 shown in Diagrams 3 and 4. Of course if hs - h2 = A, in Diagram 4, then
 the grid is called a square grid. In place of using five points, as in dif-
 ference equation (2.1), difference equations using more points have been
 constructed [421. The numerical ideas also extend to Dirichlet type prob-

 lems, that is, to boundary value problems of the type described in Section

 I I ~ ~ ~ 2

 3 201 5

 ___' +1_

 ____ I _____Xt

 Diagram 3 Diagram 4

 1 which have the Laplace equation (1.1) replaced by a different elliptic
 differential equation [23], [24]. Finally it should be noted that the tech-
 nique extends to n-dimensional problems [231, [651.

This content downloaded from 144.82.108.120 on Fri, 17 Jun 2016 02:32:15 UTC
All use subject to http://about.jstor.org/terms



 1959) THE DIRICHLET PROBLEM 183

 To conclude, we give in tabular form, for various generalizations

 discussed above, the elliptic differential equation and the corresponding
 difference equation which one could apply at the points (xi, yi) of Rh in
 order to generate the linear algebraic system of the numerical method.

 The bracketed expressions after each difference equation indicate how

 many points are used in the difference analogue and the type of grid

 structure. For simplicity, the point (xi, Y) is labelled 0. For triangular

 grids, refer to Diagram 3, for square grids refer to Diagram 4 with h = h2

 = h, and for rectangular grids refer to Diagram 4.

 TABLE

 Differential Eauation Difference Equation

 1. u ++uyy = 0 1. (a)-4u 0+uI+U2+U3+u4=-O, [5-point square]
 (Laplace's equation) h 2 h 2

 (b)-2u +_ 2_ 1(u+u)+ )=O,
 0h 2+h 13h 2+h224
 1 2 1 2

 [5-point rectangular]

 (c) -6u0+U I+U2+U3+ u4 + u5 + u6 =O, [7-point

 triangular]

 (d)-20u +4(u1+u 2+u 3+ 4)+u 5+ 6+u 7+u8 =0,

 [9-point square]

 5-p 2 5p 2-i
 (e) - 20uo + 2-(uI+u83)+2 (u 2+u 4)+u5

 + u6 + u7 + u8 = 0, [9-point rectangular,

 p = h i ah h]

 2. ux uyy+a(x,y)ux+b(x,y)u y 2. -(4-c h2)U +(I+ ? )u1+(i1+ ? )U2+(-- ?) U3 XX X~~~~~ 0 0 ~~~~ 2 2 2

 + c(x, y)u =G(x, y) b h

 +(1- ? )U4 = h2CG, [5-point square]
 2

 3--Y =0 3. (a) - 4u + u1 +(-- )U )2+u3+ (1+2y )U4= 0; (Stokes Stream Equation)- ?,[5-pointsqu2y r 2ye

 (Stokes Stream Equation) Yo 0, [5-point square]
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 1 1 1 1 ~~~~2u2
 (b)2(- + )u --(u +u ) 2

 Yo 2yo+h 2yo-h 0 2yo+h

 2u4
 - u =0; [5-point square, yO 07O, O < h <

 '2yO-

 jyj for all y in G, equation is symmetric]

 (c) 20(-96+4q2+q4)U0 - 2(-192+44q2+9q4)(u1

 +U3) +2(192-96q+28q 2-18q3+5q4-2q 5)u

 + 2(192 + 96q + 28q2 +18q3 +-5q4 +-2q5)u4

 -(-96+488q+4q -6q3+q4(u+ 6) -(-96

 -48q+4q 2+6q 3+q 4)(u +Uu8) - 0; [9-point

 square, yO # 0, q = h/yo]

 K hK
 4. uxx+U YY-bY = 0 4. -:2(1 + p-2)U0? + p-2(u + U3) + (1- )U3 + (1
 y 2y0

 h2K + 2 )u = 0, [5-point rectangular, yo 0

 p = hil/h2]

 5. = . $''' 5. -2u(x 1x 2, ..x)+ JZxB jJ|B B f[u(x1,

 (n-dimensional Poisson x2,....,.x2j-1,xj+hj,x1j+.1, ,.,.x) + U(X 1' ;'
 equation) 2.-h., $+ 1' *' $ = 2 2

 --I

 I B j f(w1,w 29 ,..n)9 [(2n +l)-point

 "rectangular"; B I= ha2h2**;*hn2, B h12

 2 2h 2..k 2 B=h22h 2...h2 2h 2.h 2 h2 3 n-:1 ; 1 2 ;; j +-1 n

 j =-2, 3,...,-]
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SOME REMARKS ON THE LOGARITHMIC FUNCTION 

IN THE COMPLEX PLANE 

Lowell Schoenfeld 

1. Introduction. The customary first course in complex variable does 
not usually have time to deal with the logarithmic function in any but the 
briefest fashion. This is unfortunate because it is one of the simplest of 
the multiple-valued analytic functions and because it is closely related 
to other multi-valued functions such as IF. 

In the next section, we prove (without assuming any knowledge of 
the logarithmic function) that a function element of the logarithm can be 
analytically continued along each continuous curve not passing through 
the origin. This is of considerable pedagogical interest because it sup- 
plies a concrete example of analytic continuation by power series -a 
method which is frequently used in defining an analytic function globally. 

In the following section, we show, by a suitable choice of the contin- 
uous curve along which the analytic continuation is made, how it is pos- 
sible to return to the starting point with a different function element. This 
example not only shows how multiple-valued functions can arise from the 
process of analytic continuation but also furnishes an example of the 
failure of the monodromy theorem for non-simply connected regions. 

The remaining sections deal with logz, Logfz) and the relation of 
these functions to the example of the earlier sections. In doing this, we 
develop the various properties of these functions in the complex plane 
and show how these are related to the properties of the functions on the 
real line. This is done in considerable detail because of the intrinsic im- 
portance of these functions, because of the principles which are illustrated 
by this treatment, and because the standard texts do not seem to be too 
satisfactory in this regard. 

2. An example of analytic continuation. Let C be a given continuous 
curve not passing through the origin; then there is a 8>0 such that every 
point on C has a distance from the origin which is at least S. Let J be 

the initial point and C' be the terminal point of C. Let o, z 1i Z,^ m be 

points on C such that zo = ,z = C' and I'k+ 1-zkI < a for k = 0, 1, -, r-i; 
such points exist as a result of the theorem of uniform continuity applied 
to the continuous curve C. 

For a given complex number ao we consider the function element 

189 

This content downloaded from 202.28.191.34 on Wed, 13 Jan 2016 13:10:53 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


190 MATHEMATICS MAG,AZINE (March-April 

(1) fo(Z) = aO -i(1-iYn. 

n=1 0 

The series converges if I1-z/z;o < 1 or if 1z-;o < z;oj; thus, it converges 
inside the circle about 20 which passes through the origin. We now show 
that it is possible to analytically continue fo(Z) along C. 

Since z0 is on C we have IzoI > 8; hence the series for fo(Z) converges 
if 2z-Zo1 < 8. Since 1;?-zol < 8, we can write for z in a suitable neighbor- 
hood of z 1 

00 

fo(Z) - =o( 1) + b (zz n bn - fo(Z1)/n! 

n=1 

By (1) 

(2) f (z) s (1 1Yn1(_l) 1 1 1(. 
n=I 0 0 0 0 

Hence, if n > 1 

i l dn - 1 -1 
1 2=)n (, 1!-nn 

Thus, in some neighborhood of z we have 
00 00 

(3) f = (2 )-E = _- 

n=l 1 n=1 

Writing 

a fo(21)9 f l(z) = a, 
00 0 

we see that f (Z) is an immediate analytic continuation of to(Z). Further- 
more, this new function is of the same form as the original function ele- 
ment. 

Consequently, we can continue this process so as to obtain a func- 
tion element /2(a) about 22 a function element f3(2) about 23 and so forth 
until we finally obtain a function element fm(z) about Zm; each of these 
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function elements is an immediate analytic continuation of the preceding 
one. The general elernent fk(z) appears as follows: 

fk(;?) = aXk- Ez-(I--) , ak = ao - (- +l 
n=l r=O n=l r 

That the above equation holds for ak is readily established by induction. 

For, a1 = fo (za) and thus (1) shows that the above formula holds for k = 1. 
And if it holds for k, then 

00 

ak+ = fk(p-k+ ) ak, -- - k+ 

k-l 1 DO 

0 E-(~1 r+n 
2 

( k+ )n n z n Z7 
r=0 n=i r n= - 

k 

r=0 n=i 

so -t-hat the equation holds for k+?I 
As a result, we have, on taking k= m9 that 

(4) a tZ, e1vl 
> 7 1 Z 

1 1 1Z r=0 n=I n=1 

is tihe result of analytically continuing, fo(o) along the curve C joinina 

<and om = <'> Thus5 fo(z) can be analytically continued aloiig every 
continuous curve, starting at <,which does not pass through the origin. 

3. The example continued. We now take C to be the unit circle so 
that & _ 1. We let m. be a fixed integer such that m > 10 and we define 
zk=e2 zi/m for k = O, 1, ., Then <o = I = a 

Zk+VZk = e 27ri(k+ 1)/Me 277ikm 277ik/M 2r7i/M e27Tik/m 

where 

(5) 2 = e27i/M _1 = ei/m(e77T/m-e-T/m) = 2ie77/msinn /mne 

Hence, 
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17/m 
(6) = 2 sin 7/rm = cost dt < 2(n7/m) = 2n7lm. 

Since m> 7, we have 

IZk+1-Zk - =1 'I? 2m7/m < 1 = a. 

Because am = 1 = Z0 and (4) holds, we have for Iz-II < 1 

m-lo 00co 

fm(s) =a~ ~3 1e27Ti(r+ i)/inn) (n 
nE1 ( e n a E-1 

r=O n=l n=l 

- ~ ~ M- 

=ao--1 ) - En E (I_e 27ri/m)n 

nl,=1 ? r=O n=1 

(7) = fo(z)- m - = f0( z) + mO 

n=1 

say. Thus, the elemnents fm(z) and fo(z)) both about ao = 1, agree except 

for the additive constant mf. 

We now show that 0 A 0 for m > 10. Using (6), we obtain 

I0 > E0 I -I I E ( 0n > I 
_ 

_cIn 
n 

n~m~ n2 n.-'2=n2 2 i=2 
00 

H 2irn 
>~~~lc i- \ =n cltt_ (2-31o<1) 

n=2_ 

> - - (2-3 -) (m-3z7) > O 
2 ((1-1 CK) m mn(1-H1I) 

inasmuch as 1 > 0 and m > 10 > 37r. Consequently, O ~ 0. 
Thus, beginning at the point 1, we have analytically continued fo(z) 

along the unit circle in the positive direction and have returned to this 

point with the different function element fm(z) This has an interesting 
bearing on the monodromy theorem, one statement of which is as follows: 

Let G be a simply-connected region and suppose that the function 

element go(z) about < can be analytically continued along every path 
in G. Then for each given <' in G all function elements about <', 
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which arise from the continuation of go(z) along different paths in 
G, agree. 

By taking <'= <, we see that this result implies that every continuation 
of go(z) from < back to 4 along a path in C must yield a function element 
agreeing with go(z). 

The above example, at first sight, seems to violate this theorem. 
Actually, it does not. For if the punctured plane P is defined as the set 
of all points in the plane with the exception of the origin, then we showed 
in Section 2 that fo(z) could be analytically continued along every path 
in PO with initial point (. However, PO is not a simply-connected region 
even though it is a region. Thus, there is no conflict with the monodromy 
theorem, and this example shows that the hypothesis that G be simply- 
connected can not be dropped. 

In Section 6 below, we show that if we take ao = 0 and zo = 1, then 
the function to(z) of (1) is actually logr2. We will also show that for: 
defined by (7) we have = 277i/ ni. 

4. The logarithmic function, We, assume the usual properties of e2. 
In particular, e2 = 1 if and only if z = 2)aik for some integer k. Since e2= 
es if and only if e 2 = 1, we see that the first equation is equivalent to 
the stipulation that 2 = z'+ 2vik for some integer k. 

As is well known, every 2 7 0 can be written in the polar form z= 
1 zIeio where 0 is real. Such a value of 0 we call an argument of 2. Then 
0' is another argument if and only if Izlei0 - Izjle or iO = iO'+27ik; 
hence, if and only- if 0 = 0'+27rk where k is an integer. Clearly, there is a 
unique 0' satisfying this condition and the requirement that -77< '<77. 

This unique 0' we denote by arg; and we call it the principal value of the 
argument of 2. Hence, if 2 X 0 

(8) 2 = 2l1et argZ -TT< argza<T 

and 0 is an argument of 2 if and only if 0 = arg +277k for some integer k. 
For a given number. z, any number w such that e" = 2 is called a log- 

arithm of z. Since eu'e-w = 1, we see that e11' / 0 for each w; hence 0 has 
no logarithm. But, if 2 f 0 and log Izl denotes the natural logarithm of the 
positive real number 121, then w'= log II+iargz is a logarithm of 2. For 

VI _log 1Z| +i arg 2_ elog IZl i arg Z e arg Z_ 

Furthermore, w is another logarithm of 2 if and only if et" = eV or if and 
only if for some integer k 
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w = w '+ 27rik=- log Ia? + i(arg;z + -7rk); 

thus, this holds if and only if w differs from log sjl by the product of i 
and some argument of 2. We call w' the principal value of the logarithm 
of 2 and denote it by log2. Thus, if 2 / 0 

(9) logcz = logjz +iargz 

and w is a logarithm of 2 if and only if t) = log 2 + 2n7ik for some inteaer A. 
Since argz =0 if 2 is a positive real number, the new notation logo, agrees 
with the old definition of log 2 for positive 2. 

Not all of the usual properties of real logarithms are possessed by 
logrz unless we restrict 2 in some fashion. For example, we prove the 
following: 

(10) logl/= -log2, argl/z- argz if Ze PC 

(11) logzz'= loga+log2o arg22'=arg2+arg2' if 2 R 

(12) log/ log e -log' argj/z '?= arg z - argz if 2, a 'c eP. 

In the above equations, P. is the cut plane consisting of all points inthe 
plane with the exception of the origin and all negative real numbers; and I? 
is the right half plane consistingr of all points x+iy such that x>0. 

Before proving (10)-(12) we give some counter-examples to show 
that some restrictions on 2 and z'.are needed.* For example, (10) fails to 
hold if 2 -1 since 

log 1 /(-1) = og (-1) = 77i -i = -log(-1). 

And (11) fails to hold even if z'= z; for this would imply that logz2= 
210og whereas (for 2 - 77i/4 

log (e 3 7i/ 4) 2 = loge 37Ti/2 
2 log e'7I 2 = 77i/2 / 37i/2 = 2(37i/4) 

= 2 loge3i/4, 

To prove (10) assume that 2EP0 so that -77<argz<7r. Then 

2 - IIei arg 2 1/ - (1/1z1)et arg 2; 

and since -7r<- arg a < 7r it follows that argl j - -arg z. Consequently, 

*.Actually (11) holds under less stringent conditions. Let Z e P and let z be 
the number conjugate to z. The ray through the origin defined by arg w = arg(-z) 
and the negative real axis divide the w-plane into two (or possibly one) angular 
regions. Call the region containing the positive real axis G. Then (11) holds if 
OS G. In particular, if 2 E R, then R C C. 
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logl/z = log I1/zlI +arg/z = -log Zl -iargz =-logz. 

To prove (11) assume that z, z'.c R so that -wT/2 <arg z <7/2 with a 
similar inequality being satisfied by argz'. Then 

Zz o= elog, Z logZ' = log?Z+ log Z ' 

Consequently, log z + log z 'is a logarithm of zz '.so that for some integer k 

log zz '= log z + logz '+ 27rik. 

Taking imaginary parts we find 

arg zz ' arg z + arg z '+ 27rk. 

Hence, we have 

2l7Tkj = jargzz'-argz-argz'[ 

? Iargzz'I?+jargI+jIargzo.<T+7T/2+ 7T/2 =27 

so that Ikl < 1; since k is an integer, we obtain k = 0. This proves (11). 
Finally, (12) is easily proved by using (10) and (11) since if z '- R 

so is I/z'.. 

The functions argz and log z have been defined for z in PO. It is 
fairly clear that these functions are discontinuous at each point < on the 
negative real axis. For, as z tends to < through values lying in the upper 
half plane, argz tends to m7; but, as z tends to < through values lying in 
the lower half plane, argz tends to -77. Thus, both functions are discon- 
tinuous on the negative real axis and at 0. And it is easily seen that 
these are the only points of discontinuity; consequently, these functions 
are continuous in the cut plane P.. 

One question remains: what can be said about the analytic nature of 
logz in P.? In the next section, we prove a general result which implies 

that logz is analytic in Pc In the meantime, we sketch a proof which 
uses less machinery than the general theorem. Using arc cos ( and arc sin 4 
to denote the principal values of the inverse functions of <, -1?c(<1, we 
have if 2 = +iy 

arc cos xzll for a in the half plane y> 0 

arg z -arc cos x/l z for z in the half plane y < 0 

arc siny/ Iz for 2 in the half plane x>0. 

Also 

d ~ ~~ l YI d y x 
arc cos f- = - arc cos if y ? 

ax z j'I 
2 

?!ay2 yjj2j ifi0 
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d . y x y a . Y IxI 
-arcsin- =-- -- -arcsin - - if xO. 

From these results one sees by inspection that 

d y a 0 
-argz -argz=a---- if2acPC. ax 12K day 1212 C 

Also one easily obtains 

d1og zI= 1 2' logizj=- ifZO0. 
ax az y21 

Thus, the Cauchy-Riemann equations are satisfied in PC by the function 

log I a I t i arg z = log z. Hence log z is analytic in P. and 

d a a x -y 
-log,= -log;II+i- argz= a -+ i2 

X-iy 1 
(x-iy) (x -y) = X+iy 

(13) = 1/zo 

5. The general logarithmnic function. We now consider the more gen- 
eral situation in which we seek to define the logarithm of ananalyticfunc- 
tion f(z) rather than merely the logarithm of 2. We begin with the following 
auxiliary result. 

Theorem 1. Let H be an arcwise connected set (i.e. a set such that 
every pair of its points can be joined by a continuous curve in the set). 
If g(z) and h(z) are logarithms of f(z) which are continuous in H, then 
there is a constant k, an integer, such that g(z) - h(z) = 2nTik for all z in H. 

Proof. Our hypotheses imply that e9(2) f(z) eh() so that lg(z)- 
h(z)}/(2 r7) is an integer, say K(z). Since g(z) and h(z) are continuous in 
H, so is K(z). Let z 0 be some fixed point in H. We now show that K(z) = 

M(OO) for each 2 in H; this will prove the result. For given z, let C be a 

continuous curve in H joining zo to z. Since K(z) is uniformly continuous 

on C, there are points Z iL* " Zn On = Z such that K(z) varies by less 

than unity on each part of C determined by the points am' 2m-+ Thus 

IK(om+ ) -K(zm)I < 1. Since K(om+ 1) and K(Cm) are integers we have 

K(z m+ I) Co(m) Hence, 

K(z)= K(z)= K(z) =..=K(z C)=K(zO) = K(z) 

and the proof is complete. 
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Theorem 2. Let f(z) be analytic and nowhere 0 in the simply-connected 
region G containing the point zo. Then there is a function Lj/z) analytic 
in C such that 

e = f(z), L 12`2 = f'(z)f(z), L (a logf(z 

This function is the only logarithm of f(z) which is continuous in G and 
satisfies the last equation. 

Proof. Since f'(z)/f(z) is analytic in G and GT is simply-connected, 
Cauchy's theorem shows that 

(14) L!z) =1 f(t) d<+logf(zo) 

is independent of the path of integration provided the path is in G. Fur- 
thermore, it is known that Lj(z) is analytic in C and LJ(z) = f'()f(z); 
also L = logf(zo). For all < in G we have 

d } -L f (4)t( eL f(4)'(<+( = 0. 
- I e f(~) e /"Sf', - f (4) }e O 

Hence, the fundamental theorem of the integral calculus shows that for 
each path in the simply-connected region G 

0 ~~~~~0 0 0 = / (2o)d = le f (I ) e-=e () 

= e zf( ) -e-I ?gJ(0?) (z )= eL i(O f(o)- 

Hence, e =f(z). Thus, Lj(z) has all of the properties stated since the 
uniqueness statement is a consequence of Theorem 1. 

The notation Lf(z) is incomplete in the sense that it fails to show 

its dependence on zo and G; nevertheless we use it. However, we do not 

use the tempting notation Logf(z) for Lf(z) since it may happen, as shown 

below, that f(z) = f(z') but Lf(z) / L f(Z). 

As a first application, we take f(z) = z and G = P.; we show that 

Lf(z) = logz so that logz is analytic in P, and has derivative l/z thus 
giving another proof of (13). The simplest proof results from the fact that 
logz is a continuous logarithm of z in P. and takes the value logzo0 at 0; 
by the uniqueness part of the theorem, Lf(z) = logz. A second proof, not 
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using the continuity of log z in P., results from evaluating the integral 
in. (14) by choosing as the. path of integration first the line segment 
Ftarg 0 joining z to 1Zle gr?, and second the circular arc lzleto 
joining lsle g 0 to s. Doing this we obtain 

2 
L$) - logs0 =J d;/; 

20 

so ar,5X0odr arg 1st arg8a 

ts0t re 0 
argzo tstei 

= log Is -:log Is0I +i(arga-argz0) 

(15) logsa-logs0. 

Hence L$a) = logZ. 
In the general case, however, Lf(s) need not coincide with log f() 

throughout G even though the latter function is a logarithm which takes 
the value log f(a) at P0. By Theorem 2, this can only happen if logf(z) 
is not Continuous in G. To illustrate this possibility, let G = P. but now 
take f(s) = A Since logo is discontinuous when argz = it, the function 
log X2 is. discontinuous when arg z = f/2; hence log 2 is not continuous 
in G. However, L$z) is readily calculated from (14) and (15) as follows: 

L/s) =J d+logso = 2$ C + log zo 
0 ~0 

- o2(0ogs-logs0)+logsa2 = 2logs+ logsa-2logs0. 

Moreover, this formula shows that L$s) does depend on so since the work 
of the preceding section shows that 

0 if s0 = 1 

logs2-2logs0 
- li/2 - 2(3li/4) 2ni if zo = e 

This result also shows that even though f(i) = A-i), it is false that 
L/i) = L/-). 

We also observe that the requirement that G be simply-connected is 
essential for the truth of Theorem 2. For, if this result held for all re- 
gions we could apply it to the punctured plane P0 and the function f() = s. 
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We would then conclude that Lj() is analytic in PO; hence, L (i) is 

continuous on the interval [-u, 7r] and is a logarithm of e&+. Since i(S is 

another continuous logarithm of e Theorem 1 shows that if - Lje ) = 

2uik for some fixed integer k and all < in [-79 771. Since, however, the 
left side has different values at -77 and ir (because LjeifW) has the same 
value at these points) there is a contradiction. 

We now prove some generalizations of (10>-(12). In what follows, 
1/f, fg, flg are the functions such that (i//) /f(z), (fg)(z) = f(z) g(Z) 
and (f/g)(z) = f(z)/g(z) respectively. Later we uise f+g and f-g for the 
functions such t hat (f +g)(o) = f(z)+g(z) and (f-g)(r) = f(z) -(Z). 

Theorem 3. Let f(z) be analytic and nowhere 0 in the simply-con- 
nected region G containirng the point z 0if f(rO) EP.1 then for all z in G 

L //(z) =- L f(z) 

where both logarithms are determined by the same point zo 
Proof. Clearly, 1/f(z) is analytic and nowhere 0 in G so that L f(Z) 

exists. Also 

e / --l/eL/ I l/f(z) 

and hence - L/(z) is a continuous logarithm of 1/f(z). Finally, by (10) 

- Lf(zo) = -log f(zo) = log 1/f(zo). 

The theorem now follows from the uniqueness part of Theorem 2. 
Theorem 4. Letf(z) and g(z) be analytic and nowhere 0 in the simply- 

connected region C containing the point zo. If f(zo), g(zo) E R, then 

L/g(z) = Lf(z) + Lg(z), L//g(z) = L (a) -L g(a). 

Proof. Since f(z) g(z) is analytic and nowhere 0 in G, it has a loga- 
rithm in G. Also 

L1.)L(2) L/(?z) L (2S) 
e g - e e g =f() 9(Z) 

so that Lf(o)+Lg(() is a continuous logarithm of f(z)g(z) in G. Also (11) 
shows that 

Lf(0) + L g(zo) = log f(z0) + log g(z0) = log f(z0) g(z0) 

and therefore the first conclusion follows from the uniqueness part of 
Theorem 2. And the second conclusion follows since 

L fg(z)= L 11g(z) = Lf(z)+L I/g(2) Lf(z) Lg(a) 
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as a result of Theorem 3. 

The following result is of interest even though the hypotheses can 

*be weakened.* 

Theorem 5. Let f(z) be analytic and nowhere 0 in the simply-con- 

nected region G containing 20. Let g(z) and h(z) be analytic in C. Let 

g(2 ) be real and f(zo) be positive. If X(z)=e then LX(2) =g(o)L7(2) 

where all logarithms are determined by the same point zOa 

Proof. Clearly, X(z) is analytic and nowhere 0 in G and g(z)Lj(z) is 

a continuous logarithm of X(z) in G. By Theorem 1 there is an integer k 
such that for all 2 in C' 

g(z)Lf(z)-Lx(2) = 2r7ik. 

Hence5 on taking imaginary parts and setting 2 = ;, we obtain 

27Tk - g(zo)L /(go)VIILX(0O)X1 1=9(20) logf(0)1-1Iog x(ZO )1 

- ilg(Y) log I f(%o)I + RIg(2) I arg/(2g) argXA(2) 

- 0 loc f(G' ) ! RI g( ) 0)-arg A(?0) , =-aoA(z )s 
0 0 0 ~~'~ 0 

Since the argument on the right side is a principal value, we lhave 217t/c - 
f1 < 2r s o th,at h k- < 1 or k -= 0 This provves the resuit. 

6, The rish r the fo. o g j if ah un c t. i - n . Li e t 2 ? P S 6 i n c e I o g 0 i , 
anialytic in P0 we have in a suitable- rneighborhood of a thlat 

Since log2 has the dlerivativ-e 1/2, (2) and (3) show that inl some neigh- 
borhood of 2o 

n= n 0 
n- ~ rw I 

This result holds for all 2 inside the largest circle about 20 whose in- 

terior is contained in Pc Hence 

*The proof shows that the hypiotheses on land c (z) can be repl aced 
by the condition 

I1q(z0)1 log If(zo)I R1q(zO)} arg/(z0) < 7 
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I 0-0 0 I-oa when 20 I 

(16) logz= log z0- L-( 1) e f 
,a-= ?n ZP < z0|c (oo) I when zo V P. 

In particular, taking 20 - 1 

00 00 

(17) log? = --(1-2) (2-i)n if l2-11 < 1. n nz 

Examination of (1) shows that fo(z) = log' in a neighborhood of 20 

provided we take 0 = log 0 . From (7), (5) and (17) we also see that 

/3 = -(lI-e 2Ih/i) - log, e 2lT/m = 27ri/in 
n 

n= 
I 

provided le27i/7nThl1 < I and in > 2. Since (6) slhows that the first ime- 

quality holds when in > 7, we have proved that 3 = 27ii/m for i > 7. 

(Actua"ly, t-1his also holds for mn 6.) 
are now in a position to understarid he failure of the analyti.c 

continuation f/r(I) of foo() to coincide withl- f) Taking Zo I and ao -0, 

loa;g ' ad f (2) coin1cide in a crcle about Zoe As Iong as tHe path along 

wvicb we continue /0\(2) remains in P0 this continuation has to agree 

with log 2 by the theorem on analytic continuationr however9 as soon as 
the negative real axis is crossed, this is no longer the case because 
log -is not continuous across this axis whereas the continuation is, 

7. Related functions. If 0, we can define ocJ3 to be e13 log0 , it is 

easy to verify that -= -f+f3 and i s the reciprocal of o From 
this one easily obtains for positive integral n that the product with n 
factors o.=.. .oc is just oJn; hence, also, xJn 1/(c-. .>o) Therefore, the 
new notation agrees with the old definition of om for integral m; the new 
notation also agrees with the old definition when /3 is real and x is posi- 
tive. 

In particular, J(z) - ef(z) "go is analytic in a region C if f(2) is 
analytic there; thus, zc is entire. And 2/ = eP "o9 Z is analytic in P. 
since log 2 is analytic there. The binomial theorem,- which gives the 

Taylor series for (2?+2)p, is now readily obtained from the expansion 

theorem for analytic functions in the form 
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00 lsl < kaol when 2 061 
(18)~~~~~ t3zo3 ( )3 )9n3n if|0 

n=0 lzl < 1I(20)I when zo 2 

Also 'the functions 2z and 2/1 are special cases of the function 

Pg(e) defined to be e 
g 

; this reduces to f(2)g(2) if L ( l) = f(). 
The new function is analytic in G if both f(z) and g(z) are, and if /(z) is 
nowhere 0 in G. With X(z) defined as in Theorem 5, this and Theorern 4 
yield the following results under suitable restrictions: 

Pg(,) PM(U) = P (2), pg - ) 

P"(2) p<(2) = PhI(,) Ph(2)/P(z) =PI (2) 

The P lan p gh(U) 

The Pennsylvania State University, 
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TEACHING OF MATHEMATiCS 

Edited by 

Joseph Seidlin and C. N. Shuster 

This department is devoted to the teaching of mathematics. Thus articles on method- 
ology, exposition, curriculum, tests and measurements, and any other topic related to 
teaching, are invited. Papers on any subject in which you, as a teacher, are interested, 
or questions which you would like others to discuss, should be sent to Joseph Seidlirn, 
Alfred University, Alfred, Neu) York. 

S. 1. M. N. T. 

D. H. Hyers 

INT2ODUCTION: After studying, writing, teaching, and editing mathe- 
matical manuscripts lor many years, P'm calling for the mathematicians 
of tne UTnited States to unite in an effort to clarify various portions of 
the language of mathe nabtics. Here the t-erm "imatleieatics is inot used in 
somtie idea lized Platonic sense, but in the s.8,nse of our everyday mat-he- 
matical activities, su oh as teaching and writing. 

The problem as E see it is that of efficien1cy in mathematical educa- 
tionI. We vofessors keep moaning about how stupid our students are, often 
without probing further into the problem. 

According to MortimerJ. Adler and other scholars, mathematics is 
one of the easier disciplines, as compared with history or philosophly, 
for example. Why then do many students in high school and college con 
sider it so difficult? Several books could undoubtedly be written in at- 
tempting to explain this paradox. It seems that there are several reasons. 
First, mathematics, like music, is "easy" in the sense that one can do 
good work in it very early in life. It requires very little or no experience 
of the world, at least in its "pure" phases. Music has Mozart and Mathe- 
matics has Galois, to cite two extreme examples. But this very fact means 
that we should (and often do) require more mastery of the subject by the 
student in mathematics than one could expect in social studies. 

Another peculiarity of mathematics is its "you either get it or you 
don't" aspect. The normal curve seems to be rather inappropriate to use 
in connection with grades in mathematics classes. Over a period of years 
it is apparent from my own experience that the distribution tends to be 
much simpler than the normal curve. Actually it is more often "trape- 
zoidal", with about the same number of B's, C's and D's, and about the 
same number of A's, as F's. 

203 
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A third reason might be that mathematicians who teach, as well as 
those who write textbooks, insist on remaining "in the (wrong) groove". 
The history of the subject is so long and complicated that much of the 
terminology and notation has "grown like Topsy," and has not been well 
thought through and codified. Twenty-five years ago, with such a small 
mathematical population in the United States, this was not so important. 
But today, in the post-sputnik era, we must standardize carefully thought 
out notations and terminology, if we are going to succeed in producing 
enough well trained mathematicians, engineers, and physical scientists, 
to say nothing of the other myriad appliers of mathematics in the modern 
world. This third aspect of the "paradox" is our thesis. 

1. HIGH SCHOOL MATH. 
Fortunately, the mathematical educators have re-awakened and are 

busily at work in this field (see e.g., reference [1]). This is a very large 
subject which is currently being discussed almost everywhere in the 
United States. The only point which will be mentioned here concerns one 
of the many experimental programs now under way. The committee headed 
by Dr. Max Beberman at the University of Illinois has come up with some 
interestiing ideas concerning the teaching of beginning algebra. (The pro- 
gram has been tried at several high schools, but the complete results of 
the experiments will not be made public until later, as I understand it). 
In this program, the old terminology is being radically altered, particu- 
larly with respect to "equation", "unknown", etc. A conditional equation 
is to be called a 'sentence" and the word "unknown" is to be replaced 
by "pro-numeral". These words do (or should) help to convey the correct 
meaning of the terms to the student, instead of vague or ambiguous ideas. 
At present, some of the latter are gradually understood by the more per- 
sistent students only after several months or even years of struggle. The 
average student never grasps them. Along this same line, we as mathe- 
matics teachers might be able to modify the standard notations slightly 
and come out with much clearer ones. For example, if we look at high 
school and freshman college mathematics, we observe that there are at 
least four common uses of the equality sign. The first is "logical iden- 
tity", essentially a symbol for the English word "is", as in 

(1) 2 + 3 = 5. 

The second occurs in the following problem. Solve the equation 

(2) - = 8. 

Here we are not making a statement as in equation (1), but are asking 
two questions: are there any values of x which satisfy the condition (2), 
and if so, what are they? In this case, of course, the answer to the first 
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part of the question is "no". Perhaps we could better emphasize the 
nature of such problems by using the symbol 9 obtained by superimposing 
a question mark on the equality sign; and omitting the dot on the question 
mark: x14- x-98. 

A third use is for identities such as (a+b)2= 2 a2+2ab+b2 or sin2 A+ 

cos2A = 1. Here we should remember to write instead of =, to remind 
the student that these are to be true for all values of the variables. Many 
teachers do this now, of course. 

A fourth use occurs in analytic geometry as well as in the second 
year of algebra, where the student is asked, for instance, to "graph the 
curve x 2+2 2y2 = 4". In addition to the poor mathematical grammar con- 
tained in this instruction, the student is also confronted with what amounts 
to still another use of the equality sign. What is meant, of course, is to 
plot a suitable number of points (x, y) where y is related to x in accord- 
ance with the given equation, and then to draw a curve through these 
points to give a graphical picture of the relationship. It's not completely 
clear just how we should amend the notation in this case and any sug- 
gestions on the part of the readers of this article will be welcome. Should 
we use: V, where r stands for "relation"? 

2. COLLLEGE AND ADVANCED AMATHEMATICS 
With regard to the teaching of calculus, Karl Menger [21 seems to be 

one of the few who have made a careful analysis of the whole problem of 
a suitable modern notation for functions, derivatives, integrals, etc., and 
then followed through to do something about it. As he indicates, the time 
honored Leibnitz notation certainly tends to obscure the basic ideas. It 
seems to me that everyone who plans to write a calculus text now or in 
the future must pay some attention to the Menger's program, even if he 
doesn't adopt it in toto. 

A practical difficulty in this program might occur in bridging the gap 
between elementary calculus and elementary physics. On the other hand, 
as many experienced calculus teachers will admit, the present traditional 
system leaves much to be desired. After the basic ideas are established 
with the aid of Menger's approach, it should be easy for the student to go 
over to the traditional Leibnitz notation. It is always easier to learn a 
"second language" if one knows one language well, particularly if the 
second language is "easier" in the sense of requiring less new notation 
than the first. 

In the traditional approach, how many students really understand the 
several meanings of the single symbol dx? Most of them get completely 
confused. Others encounter the famous book by S. P. Thompson [3] and 
learn that dx is "a little bit of x". Of course they carefully avoid telling 
the math. teacher of this heresy, but with this idea they can, perhaps, 
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understand the physics instructor's use of the calculus. 
Perhaps some readers may be laboring under the pleasant delusion 

that everything is fine with respect to notation and terminology in the 
higher branches of the Queen of the Sciences. If so, one 'horrible' ex- 
suffice to jar him loose from his complacency. 

Considerthe plightof the studentin an advanced seminar in analysis, 
who must read the literature over a period of a quarter of a century or 
more. The word "compact" is bound to occur many times. It may be a 
maturing experience for the student to analyse all the meanings of this 
one simple word in a random sampling of papers in analysis and topology- 
during the years 1934-59, but it is also a serious waste of time. In my 
opinion the topologists and analysts together have erected a "Tower of 
Babel" concerning this one word, and needlessly so. 
CONCLUSION: At present we are in the same state as the automotive 
engineers were shortly after the beginning of this century. They finally 
agreed on some standard thread sizes, which simplified their lives con- 
siderably. With the growing mathematical population, we mustdo likewise. 

The statisticians have taken the lead here and we should follow suit. 
To implement this program, we suggest the formation of the Society 

for the Improvement of Mathematical Notation and Terminology. So far 
this is a paper organization. Perhaps we should keep it that way. To join, 
send a paper on this subject (preferably short) to Glenn James, Managing 
Editor of this Magazine. 
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A NOTE ON THE SOLUTION OF SIMULTANEOUS 

LINEAR EQUATIONS 

Glenn D. James 

Engineers have been observed solving linear equations by Cramer's 
Rule as a practical applied method. It is hoped that this note may prove 
valuable in presenting amore useful method to classes. An explanation 
of the steps taken follows the reduction: 

?.322x -:3.96y + 4.73z = 6.543 1 

+ .527x + 3.07y - 6.50z = 4.746 2 
-.209x + 3.43y + 5.62z = 5.381 3 

/+.322 -:3.96 + 4.83 6.543\ 4 

() .6110( +.528+3.08-6.50 4.746 ) 5 
(+) 1.5407 \-.209+3.43+5.62 5,381/ 6 

/+ .322 - 3.960 + 4.730 6.5430 7 
( .322 - 1.876 + 3.972- 2.8998 ) 8 

-.322 + 5.285 + 8.659 + 8.2905/ 9 

(~5.836 + 8.702 + 3.6432 N 10 
(+) 4.405 +1.325 + 13.389 + 14.8335 / 11 

/-5.836+ 8.702+ 3.6432'\ 12 

y+5.836 + 58.979 + 65.3416 2 13 

(67.781+68.9849 ) 14 

From 14 +67.681z = +68.9849 15 
z = + 1.019 16 

From 12 -5.836y+8.702z = 3.6i32 17 

- 5.836y = -:5. 224 18 
= + .8951 19 

From 7 +.322x-3.960y+4.730z = + 6.5430 20 

+.322x = + 5.268 21 

x = + 16.36 22 

207 
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Explanation and procedure: The solution is an extension of elimi- 
nation by subtraction and addition for two unknowns. The three equa- 
tions, (1, 2 and 3) are copied over in lines 4, 5 and 6 without the un- 
knowns or the equal sign and the matrix symbol placed around the num- 
bers to indicate the grouping. In line 5 the (-) .6110 is minus so that the 
sign of the leading number (+ .527) will become opposite that of + .322 
when the multiplication of line 5 is carried out (i.e. equation 2 is multi- 
plied by (-) .322/.527 = (-) .6110. It is important that signs be handled 
as a separate step if larger order equations are to be solved without error. 
1.5407 in line 6 is .322/.209. Lines 8 and 9 are obtained from 5 
and 6 by multiplying through by the constants to the left. Lines 10 and 
11 are obtained by adding the members of lines 7 and 8 and lines 7 and-9, 
respectively. The 4.405 in line 11 is obtained in a similar manner to .6110 
in line 5, i.e. 4.405 = 5.836/1.325. Line 13 is obtained from line 11 by 
multiplication by (+) 4.405, and line 14 by adding lines 12 and 13. Since 
desk calculators can add and subtract products, line 18 is obtained di- 
rectly from line 17 as one machine operation. 

Remarks: It is important to note that no steps are combinied beyond 
that of a single tlhought process or calculator operation, i.e. algebraic 
additions are performed, not algebraic subtractions so that direct machine 
addition will take care of signs. Also note that the signs are handled as 
a separate thought in order to insure their proper handling, this has been 
found extremely important in avoiding errors in working with higher order 
equations. The method with desk calculators is quite applicable to about 
8 equations, after which computors should be used. Computors are pro- 
grammed in what amounts to the same method. 

Since the above method may not be useful in classroom instruction, 
inasmuch as desk calculators are not generally available to students, con- 
sider the following, where the calculations are explained below. 

+ 2x+ y+ 0= 7 23 

+ 18x + 0 + 12z = 30 24 
- x+4y+ 3z=-5 25 

or 
Y x a 

/+4-1+3-- 5\ 26(25) 
(- 4{ +1+2+0+ 7 27 (23) 

\+ +9+6+15/ 28 (24) 

/4- 1+3- 5 \ 29 
{-4 -:8 -:0 -28 30 

\+0+9+6+15 / 31 
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(-9 + 3-33'\ 32 
\+9+6+15/ 33 

(-9 -18) 34 

9z=-18 35 
= -2 36 

-9x+ 3z = -33 37 

-9x = -27 38 

x = +3 39 

From 29 +4y-x+3z=-5 40 

+ 4y = +4 41 

y _ +1 42 

Explanation: The matrix is formed from lines 23, 24 and 25 as indi- 
cated in () to the right of lines 26, 27 and 28, the x, y and z terms have 
also been re-arranged to make use of the 0 coefficient. The -I to the 
left of line 23 is to be multiplied by the line so that lines 29 and 30 may 
be added to give line 32. Line 33 is merely line 31 copied since its coef- 
ficient in column I is seen to be 0 without reduction. Line 34 is line 32 
plus line 33. (It may be desired to think of lines as matrices and speak 
of matrix addition, and multiplication instead of "line" addition.) 

There is a tendency to skip lines 26, 27, 28, 29, 30, 31, 34, 37, and 
10. This skippingdoes not seem to be conducive to accujrate work in real- 
istic problems and leads to extreme difficulty in avoiding errors when 
working with more unknowns, it does, however, help in getting the point 
across when comparing with Cramer's Rule. 

If the leading coefficient in line 26 (the +?4) is made to be divisible 
by the least common multiple of the leading coefficients of the remaining 
lines (the +1 of 27 and the 0 of 28) then there will be no divisions in- 
volved in the reduction for any numbers, i.e. this would correspond to the 
regular intermediate algebra method. 

Los Angeles City College 
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MISCELLANEOUS NOTES 

Edited by 

Charles K. Robbins 

Articles intended for this department should be sent to CharlesK. Robbins, Depart- 
ment of Mathematics, Purdue University, Lafayette, Ind. 

A PROOF OF EULER'S LIMIT FROM A WELL KNOWN 

PHYSICAL PRINCIPLE 

Robert E. Shafer 

There are many proofs which show that 

Lim(1+_o)n = eX. 
n-*oo n 

The following proof should be within the capabilities of the undergraduate 
student. We shall make use of Newton's first law of motion. 

I. Every body will continue in its state of rest or of uniform motion 
in a straight line except in so far that it is compelled to change 
that state by impressed force. 

Suppose that a particle travels at a velocity v0. Then in t units of 

time, the particle has moved a distance v0t. 
Next, suppose this particle is subjected to a retarding force which 

is proportional to the square of its velocity. Suppose at time t=0, v=v0, 
and s = 0. Then 

d2s = dv =-kv2, or dt = 1 

d t - dt dv kvr2' 

Solving the second equation, t = ;4+L. At time t = 0, L = so that 

by substituting v = d0 

ds kV 
k d = 0 

dt 1+kv0 t 

which, integrated, yields 

s = log (1+kv0t) 1/k + A1 

At time t = O, the constant of integration Al is zero, since s = 0. Now if 
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the constant of proportionality k approaches zero, we have Newton's first 
law. That is 

Lim log (1+kv0t) 1/k= vot, 
k-*O 

or 

Lim (i+kv t) 1/k _ e'o t 
k-*O ? 

which is equivalent to Euler's limit. 

University of Calif. 
Radiation Laboratory 
Livermore, Calif. 
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A NOTE ON A SIMPLE MATRIX ISOMORPHISM 
D. W. Robinson 

It is well known that the correspondence 

la b\ 
(1) a+ bi? ) 

b- a/ 

provides an isomorphism between the field of complex numbers and a real 
subsystem of the 2-by-2 matrices over the complex field. If f is a func- 
tion of a matrix arising from a scalar function (see e.g. [21), the following 
question is asked: referring to correspondence (1), under what condition 
does 

/a b\ 
(2) f(a+bi) v-f b )? 
This question is answered very simply as follows. Let a = a+ bi, and let 

(3) A1~ = &\E = ( 1/2 1/2iA d = (1/2 -1/2i\ 
k\A b a/ \-1/2i 1/2/ 

- 
1/2i 1/2 

Since (f(a)+/(a))/2 and (f(a)-f(a))/2i are, respectively, the real and im- 

ginary parts of f(a), then f(a) <-- f(a)E+f(a)E. On the other hand, since 

A has spectral form A = aE+aE, then by the definition of a function of a 

matrix, f(A) = f(a)E+f(a)E. From these results it is clear that the cor- 

respondence (2) holds if and only if f(W) = f(a). 
This note is concerned with the following generalization. Let Cn be 

the collection of n-by-n matrices over the complex numbers. Correspond- 
ing to each matrix u of Cn, let U = 0(u) be the matrix of C2n obtained by 

replacing each element a of u by the corresponding 2-by-2 matrix A of (3). 

Let S2n be the collection of all such matrices U. Then by means of (1) 

and block addition and multiplication of matrices, it is easily verified 

that the mapping > is a ring isomorphism of C1 onto S2n. Again the ques- 
tion is asked: if f is a scalar function for which the matrices f(u) and 
f(U) are defined, under what condition does q(f(u)) - f(q(u))? This ques- 
tion is answered by the following theorem. 

Theorem. Let U = ?)(u). Let a1, ...,.ar be the distinct eigenvalues of 
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u with respective indices* s1' . ;S Let f be a scalar function for which 
the matrices f(u) and f(U) are defined. Then, /(f(u) = f(c(u)) if and only 

if f (k)(di) = f(k)(aj) for all i and k such that 0 < k < si. 
Before proceeding with the proof of this theorem, some preliminary 

remarks are noted and a lemma is demonstrated. 
Let F = +-E be the direct sum in C2n of n matrices E, where E is 

given in (3). Similarly, let F = E. Clearly, F2 =, F2 = I FF=O=FF I 
F+F P= 1, and FU = UF EU = UF for each U in S2n. Furthermore, if al is 
a scalar matrix in Cn, then O(al) = aF+?TF. 

Lemma. Let a1, **.*.,a be the distinct eigenvalues of u with asso- 
ciated indices s1, ..., srand principal idempotents e1, *-,er. Let Ei = (ei). 
Then the eigenvalues of U = b(u) are a1, a, . ar.** Also, if ai I ai, 
then s? is the index of each and FEi and FEi are their respective princi- 
pal idempotents. If ai -i, then this eigenvalue is of index si with prin- 
cipal idempotent Ei = FEi + FEi. 

Proof. Since uei = eiu, then UEj = EiU, and UFEi = FUEi = FEiU. 
Similarly, UFEi = FE,U. Also, ?b(ei(u-ail)) = Ei(U-aiF-aF) = FEi(U- 
ail) + FEi(U-EIl). Since ei(u-ail) is nilpotent of index si and FF = 0, both 
FEi(U-ail) and FEi(U-a-J), (and also Ei(U-ail) if ai = ai) are nilpotent of 
index si. Since V_l ei = 1, then E. = X= FE.?X__FE. = I. Fi- 
nally, since ei2= ei, then EV = Ei and (FEi)2 = FEi and (FEi)2 P E 
The lemma is a consequence (see [31) of these results. 

Proof of the theorem. By the definition of a function of a matrix, 
(using the notation of the lemma) 

r s.- 

f (u) = ei ? (1/k! )f(k)(ai)(u-ail)k. 
i=1 k=O 

Hence, 0i5(f(u)) is given by 
5 *-1 

t(FEi+Ed (lk)(f (k)(ai)F+f k)(ad)(U-aiF-=Fk 
k=0 

*An index of an eigenvalue is its multiplicity in the minimum polynomial 
of the matrix. 

**This result on the eigenvalues was previously announced by J. W. Ellis 
in an abstract [1]. 
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r s-l r s-i 
- ~ FE , (1/k!)f(k)(ad)(U-ai )+ FEi X (l/k!)f(aU-aj1)k. 

=0 i=1 k=O0 

On the other hand, (even if ai = ai? since Ei = FEi+FEi), f(U) has the 
value 

E FE ;) l/k!f(k)ai)(-ail) k + E Z i (l/k!)f 
(k(aj)(U_-ai) i=l i=l(A)aiia 

Clearly, if f(k)(aj)=f(k)(aj) for all i and k such that O<k<si, then b(f(Au))= 
f(o(u)). Conversely, if 9(f(u)) = f(o5(u)), then by multiplying the difference 
of the above two representations of f(U) by FEig 

s. 

F (I/k!)(f(k (,) -f(a))(U- aJI)k = O. 
k=O 

Since the system FEi FEi(UaI) FEi(Ua, pg aj is linearly inde- 

pendent, then f(k)(ai) = f for all i and k such that 0 < k < s 
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 ON FINITE SETS AND THE PEANO POSTULATES

 D. A. Kearns

 There are two common characterizations of finite and of infinite sets

 which may be stated briefly as follows.

 I. A set S is finite if it is empty or if there exists a one-to-one cor-

 respondence between S and an initial segment of the natural numbers. If

 S is not finite, it is infinite.

 LI. A set S is infinite if there exists a proper subset of S which can
 be put into one-to-one correspondence with S. If S is not infinite, it is

 finite.

 The equivalence of these two definitions can be demonstrated (see

 Wilder, Introduction to the Foundations of hiathematics), but of course

 the properties of the natural iiumbers must be used. It is the purpose of

 this note to outline how some of the characteristics of finite sets can be

 derived directly from the second definition and then how the Peano pos-

 tulates for natural numbers can be introduced easily as theorems. In what

 follows, therefore, we will adopt definition II when we use the words "fi-

 nite" or "infinite".

 Two sets, A and B, between which there is a one-to-one correspond-

 ence will be called equivalent and this equivalence will be denoted by

 A-B. Terms such as "simple order", "well-ordering", and common sym-

 bols of set theory will be presumed familiar to the reader. In particular,

 those terms which are not explicitly defined here will have the meaning

 given in the text mentioned above.

 Let S be a set simply ordered by a relation "<". If x and x'. belong

 to S and x<x', then x'is the successor of x if there exists no element y

 of S such that x<y<x'. If x'is the successor of x, then x is the prede-

 cessor of x'.. z will be called a maximal element of S if there is no x ot

 S such that z<x, and a will be called a minimal element if there is no x

 of S such that x<a. S will be discrete if every element which is not a

 maximal element has a successor and if every element which is not a

 minimal elem-ent has a predecessor.

 Theorem 1. Every subset of a finite set is finite.

 Proof. Let A be a non-empty finite set and suppose A'.is an infinite

 proper subset of A. Denote A-A'.by A'-. Since A'.is infinite, there exists

 a proper subset, A'> of A 'such that A '- A '.. Then A 'uA''- A. But A 'uA"

 217
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 is properly contained in A and therefore A is infinite. This is contrary to

 assumption and the theorem is proved.

 Theorem 2. Every non-empty finite set can be simply ordered. Fur-

 thermore, there exists a maximal element with respect to this simple

 ordering.

 Proof. Let A be a non-empty finite set and choose any element a be-

 longing to A. If B=A-lal, then either B is empty or contains an element,
 b. Let C = B-Ib} and continue in this manner so as to obtain a collec-
 tion of elements,

 S = a, b, c, l

 and a collection of subsets,

 S'.= IA, B,~ C, }.

 Pairing each element of S with the set from which it was chosen, we see

 that S- S'..

 S'.is simply ordered by "proper containment", for if X, Y, Z are mem-

 bers of S'-then (i) if X 4 Y, then XcY or YcX; (ii) if XCY, then X 7L Y;

 (iii) if XCY and YCZ, then XCZ. Let x, y of S be the elements asso-

 ciated with X, Y of S' and define the relation "<" such that x<y if and

 only if X DY. It follows that "<" is a simple ordering of S.

 Now the process of constructing S and S'.cannot continue indefinite-

 ly. Otherwise the sets S and S"'' lb, c, *..} could be made equivalent by

 pairing every element of S with its successor in S";. this is impossible

 since S must be finite. Hence S must exhaust A :that is, S' contains a

 set Z with an element z such that Z-lz} is empty. z is the maximal ele-
 ment of S.

 Theorem 3. Every finite set has a minimal and a maximal element

 with respect to every simple ordering of the set.

 Proof. Let A be a finite set and "<" any simple orderingofA. Choose

 any element a belonging to A. Then either a is a minimal element of A or

 there exists an element b belonging to A-lal and such that b<a. Again,
 either b is a minimal element of A-la} or there exists an element c be-

 longing to A-Ia, b} such that c<b<a. However, as in the proof of the
 previous theorem the process cannot continue indefinitely for otherwise
 A would contain an infinite subset.

 A similar argument can be made for the existence of a maximal ele-

 ment.

 Corollary. Every simple ordering of a finite set is a well-ordering of

 the set.

 Proof. Every subset of a finite set is finite and hence has a minimal

 element.

This content downloaded from 159.178.22.27 on Thu, 02 Jun 2016 11:22:12 UTC
All use subject to http://about.jstor.org/terms



 1959) FINITE SETS AND THE PEANO POSTULATES 219

 Theorem 4. Every simple ordering of a finite set is discrete.

 Proof. Let a be any element (except the mi nimal one) of a finite set

 A, and let

 La= lxIx A, x<al.

 Then La is a non-empty finite set and hence contains a maximal element

 b. Now suppose there exists a c belonging to A such that b'<c<a. Then

 c is a member of La and b <c. This contradiction proves the theorem.

 We now restrict our considerations to any member, S, of a class of

 sets which satisfy the following hypotheses.

 P1. S is simply ordered by "<".

 P2. S has no maximal element.

 P3. If a belongs to S, La = JxIxS, x<a} is finite.

 Theorem 5. S has a minimal element, x0.

 Theorem 6. S is well-ordered with respect to "<X

 Proof. Suppose S is not well-ordered, Then there exists a non-empty

 subset, A., of S which has no minimal element. For every y belonging to
 A, there is at least one element x belonging to A such that x<y. There-
 fore, L is not empty and contains at least one element of A. Since L is
 y y

 fnito, so is LYnA. Hence LynA has a minimal element, yO. But then

 Yo is the mlinimal element of A, and the theorem is proved by redutetio ad
 absuirdum.

 In the same manner as Theorem 4, we can prove

 Thlecorem 7. The ordering <9" of S is discrete, 80 that every element

 of S has a unique successor and, if it is not a minimal element, a uniaue
 predecessor.

 Theorem S. (The principle of finite induction). Let S' be any suibset

 of S such that (I) xo belongs to Si and (2) S' contains x', the successor
 of x, whenever it contains x, then S'= S.

 Proof. Suppose that S'-L S and let S' = S-S'- Then S " has a mini-

 mal element a and La has a maximal element b. But it follows from the

 argument made in the proof of theorem 4 that a = b' and hence a belongs

 to S'.- This is impossible.

 Theorems 5, 7, and 8 are essentially the Peano postulates.

 Merrimack College
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PROBLEMS AND QUESTIONS 

Edited by 

Robert E. Horton 

Readers of this department are invited to submit for solution problems believed to 
be new and subject matter questions that may arise in study, in research, or in extra- 
academic situations. Proposals should be accompanied by solutions, when available, 
and by any information that will assist the editor. Ordinarily, problems in well-known 
textbooks should not be submitted. 

Solutions should be submitted on separate, signed sheets. Figures should be drawn 
in India ink and twice the size desired for reproduction. 

Send all communications for this department to RobertE. Horton, Los .-ngeles City 
College, 855 North Vermont Ave.1, Los Angeles 29, California. 

PROPOSALS 

369. Proposed by M.S. Klamrkin, AVCO, Lawrence, Massachusetts. 
An explorer travels on the surface of the earth, assumed to be a per- 

fect sphere, in the manner to be described. First, he travels 100 miles 
due north. He then travels 1OO miles due east. Next he travels 100 miles 
due south. Finally, he travels 100 miles due west, ending at the point 
from which he started. Determine all the possible points from which he 
could have started. 

370. Proposed by D. L. Silverman, Greenbelt, Maryland. 
Let xy deinote x's statemernt to y. Determine the truth or falsity of 

the following set of statements: 
AB : Someone is not lied to. 
AC: Someone lies twice. 
BA: Someone neither lies twice nor is lied to twice. 
BC: Someone is lied to twice. 
CA: Someone lies and is lied to. 
CD: Someone does not lie. 

371. Proposed by Leon Bankooff, Los Angeles, California. 
1) Find the radius of the circle which is tangrent to two internally 

tangent circles and to their line of centers. 
2) Construct the required circle, confining all construction lines 

within the larger circle. 

372. Proposed by Huseyin Demir, Kandilli, Eregli, Kdz, Turkey. 
Prove the identity 

220 
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n 

sin2(d1+02+-.+on) = sin2O1+ + +sin2On+2 Z 
l<i<j<n 

sinOi sinOj cos(O 1+20i+1 + + 20j_l+Oj). 

373. Proposed by Edgar Karst, Endicott, New York. 
Prove or disprove the statement: 'If 2100n+x is prime, then x is 

prime where x is a two digit number, n is a natural number, and 01 is con- 
sidered as prime. 

374. Proposed by Victor Thebault, Tennie, Sarthe, France. 
If an arbitrary straight line d, passing through any point P of the 

plane of a triangle ABC, meets the straight lines BC, CA and AB i'n points 

A , B 1 and C 1, and the points obtained in prolonging the segments A 1P, 

B1P, and C 1P by three times their length are A1', B 1', and C1', then the 

mid-points of AA'. BB ' and CC ',. A2, B2, and C respectively, are the 

vertices of a triangle, the area of which is equal to that of triangle ABC. 

375. Proposed by D.A.Steinberg, University of California Radiation 
Laboratory. 

Let m and n be positive integers. 
1) If mn is odd then: 

mn-I 

1+ __)( 1) 2 
2 

k=1 j=1 

2) If mn is even then: 

mn-2 mn 

1I . (k + 1 /2 E(n.)( j2 )= 2 i j- ~~2 
k=1 j=l j=l 

SOLUTIONS 

Errata. In problem 357, Vol. 32, No. 2, p. 105 the letter K on the right 
hand side of the equation and in the inequality should be a capital letter 
to indicate that it is different from the k in the summation. 

In problem 332, Vol. 32, No.- 1, p. 54 the name of CJV. Trigg, Los 
Angeles City College was omitted from the list of solvers. 
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The World Series 

348. [September 1958] Proposed by J. Al. Howell, Los Angles City College. 
If the probability of a team winning a game in a world series is p, 

what is the probability of that team winning the series? What is the prob- 
ability of winning in 4, 5, 6, or 7 games? 

Solution by Mhichael J. Pascual, Siena College, New York. The proba- 
bility of winning in n games is the probability of winning exactly three 
of the first n-I games and the nth game. Denoting this probability by 
Pn we have by the laws of probability that 

(n-l)p3(_p)n-4 p = (n-i)p4(j_p) 

hence 
P4(3 )p4(1-p)0 =p4 

P5 4( 4)p4(1-p) 4p4(1-p) 

P6 =( )p 4(_p) 2 = lop 4(1_p) 2 

P7 _( 6)p4(1-p)3 = 20p4(_p) 3 

and the probability of winning the series is 

7 

2 Pn = p [1+4(1-p)+1i(1-p) +20(1-p) 3] 

n=4 

Note: the generalization of this to the case of two teams playing for the 

best m out of 2m -1 is easily obtained. Letting Pn(m) denote the proba- 
bility of the team with probability p of winning a game, winning in n 
games, we easily obtain 

p (m) n-,i)pmf 1(j_p)m-n-:1 n > m 

so that the probability of winning the series is 

2m-1 

EPn(m) 

n=m 

Also solved by D. A. Breault, Sylvania Electric Products, Inc.,- 
Waltham, Massachusetts; J. W. Clawson, Collegeville, Pennsylvania; 
Sam Kravitz, East Cleveland, Ohio; Leo Moser, University of Alberta; 
F. D. Parker, Univ-ersity of Alaska; A. Spinak, Douglas Aircraft Co., 
L os Ange le s, Cali fornia, and -the proposer. 
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A Bisector 

349. [September 1958] Proposed by Huseyin Demir, Kandilli, Eregli, Kdz, 
Turkey. 

If ABCD, AEBK and CEFG are squares of the same orientations, 
prove that B bisects DF. 

Solution by Leon Bankoff, Los Angeles, California. Removing angle 
CEB from the right angles AEB and CEF, we find that angles BEF, AEC, 
DEB are equal. But DE = EC = EF. Hence the triangles BDE and FBE 
are congruent and FB = BD. The collinearity of F, B, D is established 
by the fact that angle EBD = 90O. 

Also solved by Norman Anning, Alhambra, California; D.A. Breault, 
Sylvarnia E7lectric Prhoducts, Inc., Waltham, Mas sachusetts; J. W. Clawson, 
Collegeville, Pennsyivania; Norbert Jay, New York, New York; Joseph 
DEJKonhauser, Haller, Raymond and Brown, Inc., State College, Penn- 
sylvania; Arne Pleijel, Trollhattan, Sweden; William Sanders, Alississippi 
Southern College; C.W. Trigg, Los Angeles City College, Dale Woods, 
Idaho State College, and the pro poser. 

The Absolute Value of x 

350. [September 1958] Proposed by George Bergman, Stuyvesant High 
School, New York. 

Prove that 

1/tX 2e '/t 2 

lXI = ( O dt- + 

for all real non zero x. 

Solution by B. G .Buschman, Oregon State College. 
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2 -iurn 2x>' 
x 2e I/tdt el?1 t4+o e + e 

l/+ > 

J- 1 -ir 2 x-2, <0 
0 (e 1/t+l)t [e +1/? t-),o- e ?1 -el 1/? 

then 
[x 2e1/Itdt 1 x(?i), x >O 

xi - 2 +111 lxi, 
0J (eI t+t l2t 2 e I/ +1+ 1]=x(-I), x < ol= 0 

or by similar reasoning 

1/x 2e 'I tdt 2 
[ J/ +1 =lxi 

Hence it appears that there is a misprint of x for l/l either in the upper 
limit of the integral or in the second term within the parentheses. 

Also solved by StephenA.Andrea, Oberlin, Ohio; F.-C.Barnett, Pur- 
due University; E. E. Aloyers, University of Mississippi; F. D. Parker, 
University of Alaska; Santo D. Pratico, Jona College, New York; Dale 
Woods, Idaho State College, and the proposer. 

A Legendre Polynomial 

352. [September 1958] Proposed by L. Carlitz, Duke University. 
If Pn(x) is the Legendre polynomial, show that: 

I. The coefficient of xn in the polynomial 

n 

(1-x2)nP (i?+$) is equal to (n)3 
r=O 

II The coefficient of xn in the polynomial 

n 

( _) 2n p (1+$ 2 i 1 E( n ) 4 (i n2 P7G.x is equal to ~() 
r=O 

Solution byChih-yi Wang, University of Alinnesota. It suffices to show 

n 

F(_) - )np 
k 

( n 

k=0 
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and the respective results follows. (For 

.(l+x)'F(x)= EZ n-r( ] n k |cn 
n-0 k= 

and rni rn 
[F(X)]2 fxn-r( n )][Z k(n)2 

r=wO k=O 

By substituting z = (i+x)/(1i-) into the formula 

00 

p ((r) Z222 
r=0 

(see Whittaker and Watson, Modern Analysis, 4-th ed., p. 312) we obtain 
n 

F (x) 2(n+ r )( 2 r ) Zr(1,_,) n-r 

r=O 

'=-) 2 (nn+r7)( 2r)( n-r )(_i)n-r-pxn-p 

r=O p=O 

n n-p 
= n-p (nf+)( 2r)( n-rp- 

p-O r=O 

n k 
X Ik n( 2)( 2r)( n.-r)( k)k 

k=O r=O 

k=O r=O 

n k = E ank(r!) 2, kr!(_) 

k=O 

for, by aid of the general formula 

n 
(X)( X) - 

(V+m)(x+m)(-rn-1) v -n V+M n-r 
mn=0 
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(see Jordan, Calculus of Finite Differences, p. 79) we have 

k k 
(n )(n) v (n-A;+r)( n+r )(-r-1) vn A;+ r)( n+ r k)k- 
n- k n-k= n-k+r k-r > n-k n-k+r (A - 

r=O r=O 
k 

(n+r) ! (l)nk-r 
L(r!) 2(k_r) ! (n-k)! 

r=O 

Also solved by ArthurE.Danese, Union College, New York and the 
proposer. 

Tangent Circles 

353. [September 1958] Proposed by KariM. Herstein, New York City, New 
York. 

Given a line and two points not on the line. Construct two equal cir- 
cles whose centers are on the given line, which pass through the given 
points and are tangent to each other. 

Solution by Huseyin Demir, Kandilli, Eregli, Kdz, Turkey. Let A, 
B, and d be the given -points and the line. We distinguish two cases: 

(1) The circles touch each other externally. Since the radii are equal 
there are no solutions except when: 
(a) The circles coincide. The coincident circles contain both A 

and B and the center is the intersection of d and the medial 
line of AB. 

(b) The point L of tangency is at infinity: In that case the solu- 
tion consists of the perpendiculars to d from A and B. 

(2) The circles touch each other internally. The solutions, if they 
exist, must be different from (la) and (lb). 

Take d as the x-axis and let A(-u, a), B(u, b) and L(A, 0). The cir- 
cles contain the reflections of A, B with respect to d and we may there- 
suppose a > b > 0. 

Let the circles intersect d at A'(, 0), L(A, 0) and L B '(f, 0). We 
have from the right triangles A'AL, LBB' 

a = (X+u)(.-u-c) b2= (f-u)(u-A) 

= a -u=_b + 
X+u X-u 

Equating the diameters (X-oc) and (:3-A) we get a cubic equation 

23 +(a 2+b 2-2u 2)- u(a2-b2) 0 
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Substituting a 2- b 2 = 2 2, it reduces to 

A 3+ (b2+ 2_ 2) _ CS 2_= 0 

There are one, two (equal), or three solutions according as the dis- 
criminant A is positive, zero, or negative. 

Now we find the relation for which 

A= 4p3+27q2 - 4(b2c2_-U2)3+27u2c4 < 0 

where p = b 0t.. 2 is necessarily not positive. Hence, 

b2+2 < U2 or b2+C2 u2cos2t where O<t0</2 

A 4(u2cos 2t- a2) 3?+27U2c04 < 0 

-4u6Sin6t+27U2c4 < 0 

27C 4 < 4u4sin 6t 

Since the quantities are not negative 

/27C2 <N22sin3t < 2u2 

We have finally 

> 2u one real root 

<27Va2-bq = 2u double or triple root 
< 2u three real roots 

Also solved by Sam Kravitz, East Cteveland, Ohio. 

The Archer 

354. [September 19581 Proposed by Lowell Van Tassel, San Dego Junior 
College, Cifornia. 

A spherical shell is tossed into the air and is shot at by a mathe- 
matical archer at infinity. One hemisphere of the shell is painted black. 
If the archer hits the shell which has been randomly spun, what is the 
probability that his vector-arrow has either entered or left through a 
blackened area? Consider the arrow point-sized, the sphere of radius 
unity and the probability of a hit certain. 

Solution by Steve Andrea, Oberin, Ohio. If the archer is at infinity, 
what he sees is the projection of the shell onto a plane perpendicular to 
the line from the archer at A to the center of the shell 0. Letting the 
shell be translucent, the archer sees this: 
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The minor axis of the ellipse may vary from zero to one. 
Now if the arrow hits in the upper crescent, it will enter and leave 

through black; if it hits within the ellipse, it will penetrate the black 
either upon going in or upon going out, but not in both. 

The minor axis of the ellipse equals sin V, where V is the angle 
AOB, the smaller angle between AO and the plane which separates the 
shell into two hemispheres. 

A 

0 

Now, the probability P , that the arrow will enter and leave through 
black is equal to 

n1/2 +1 
2/nj| p(V) dV, where p(V) = rr/2- jsin V / dx. 

Thus, T- 2 

Next, the probability P2 of entering or leaving in black, but not in 
both, equals 

1/2 
2/17r q(V)dV, where q(V) = sin V. Here P2 =21u. 

0 

The answer to the problem is the sum of these, 
7=P+ 2 

1 P+P2= 27r 

Comment on Problem 336 

336. [March 1958 and November 1958] Proposed by C. W. Trigg, Los Angeles 
City College. 

Comment by WilliamE.F.Appuhn, St. John's University, New York. 
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In the statement of the problem, the plane of the bar and the string is 
given merely as perpendicular to the wall, not as a vertical plane perpen- 
dicular to the wall. It is therefore necessary first to prove, rather than 
assume, that the plane of the string and the bar is a vertical plane. 

This can be done quite readily by assuming that the plane of the 
string and the bar makes an angle t, 0< <t f/2 with the vertical and taking 
moments, about an axis perpendicular to the wall at the point of contact 
of the par with the wall, of all the forces acting on the bar. Then the force 
of gravity on the bar would be the only force having a moment about this 
axis, since the lines of action of all the other forces pass through the 
axis. Thus, we conclude that the plane of the string and the bar must be 
vertical for equilibrium to exist. We are not, until now justified in say- 
ing: 'The vertical force of Friction", and that, 'the line of action of the 
force of gravity on the bar intersects the string", etc. 

QUICKIES 

From time to time this department will publish problems which may be solved by 
laborious methods, but which with the proper insight may be di:sposed of with dispatch. 
Readers are urged to submit their favorite problems of this type, together with the ele- 
gant solution and the source, if known. 

Q241. Show that the medians of a scalene triangle do not bisect any of the 
angles of the triangle. [Submitted by Brother T. Brendan, F.S.C.] 

Q242. Find an f(n) such that feven) = %2 and f(odd) = 1 [Submitted by 
Huseyin Demir] 

Q243. Derive the formula 

sin A 
tan l/ A = . -A 

without using radicals at any stage of the work. [Submitted by Dick Wick 
Hall] 

Q 244. Prove that 
oo 2- 8 n-n2 

2 
6 

n=1 

is irrational. [Submitted by David L. Silverman] 

Q 245. Ten people decided to start a club. If there had been 5 more in the 
group, the initial expense to each would have been $100 less. What was 
the initial cost per person? [Submitted by C. W. Trigg] 
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Q246. Determine the class of angles which can be trisected with straight 
edge -and compasses. [Suibmitted byi M. S. Klamkinl. 

Answers 
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PERKINS ABACUS SERVICE 
3527 Nottingham Way Hamilton Square, New Jersey 

THE JAPANESE ABACUS 
Simple and primitive though it seems, the Japanese Abacus is capable of amazing speed and 

accuracy. In numerous tests it has outc'lassed the best electric computers of the Western 

world. We offer for sale an excellent instmction book in English which completely explains the 

operation of this amazing calculating device. By studying this book and with practice, anyone 
can leam to add, subtract, multiply and divide with speed and accuracy comparable to that of 

an expert Oriental operator. Get acquainted with this fascinating little instrument! 

PRICE LIST 

Instruction book: THE JAPANESE ABACUS: Kojima (Tuttle), 102 pages, $1.25 

Abacuses of excellent quality: 

15 reels - size 214 x Y4 x 8/4 - $3.00 

21 reels - size 21/2 x 34 x 12 - $4.00 

27 reels - size 2V2 x 34 x 15/4 $5.00 

New Idea Abacus: 

17 reels - size 2/2 x 34 x 93/4 - $4.00 

This is the instrument shown in the illustration, the beads being made of two 
different colored woods which feature is an aid in the alignment of decimaLs. 

DAIKOKU SOROBAN (Super DeLuxe quality) 

15 reels - size 4 x 14 x 13' - $12.00 

All have one bead above and four beads below the beam. 

Everything shipped with transportation and insurance charges prepaid. 
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